Abstract. A new construction of naturally reductive spaces is presented. This construction gives a large amount of new families of naturally reductive spaces. First the infinitesimal models of the new naturally reductive spaces are constructed. A concrete transitive group of isometries is given for the new spaces and also the naturally reductive structure with respect to this group is explicitly given.
Introduction
Naturally reductive spaces form the simplest class of Riemannian homogeneous spaces. They contain the symmetric spaces but also many other non-symmetric homogeneous spaces. The naturally reductive structure on a homogeneous Riemannian manifold is a metric connection ∇ with totally skew-symmetric torsion T and such that ∇T = ∇R = 0, where R is the curvature tensor of ∇. In particular naturally reductive spaces are simple examples of spaces with metric connection with totally skew-symmetric. In recent years there is an increasing interest in such structures together with parallel spinors (e.g. [4] and references therein).
The simple geometric and algebraic properties of naturally reductive spaces allows one to classify them in small dimensions. This has been done in [12, 7, 8] in dimension 3, 4, 5 and more recently in dimension 6 in [1] . In [1] there are also some interesting G-structures described on the naturally reductive spaces, where the naturally reductive connection is also a characteristic connection for the G-structure. In a forthcoming paper we investigate how the construction presented here relates to the classification problem of naturally reductive spaces.
Our construction produces many new examples of naturally reductive spaces. All of these spaces have a non-semisimple transvection algebra and are not normal homogeneous 1 with its canonical naturally reductive structure. To our knowledge the only such construction is by Gordan in [5] . Here she constructs naturally reductive structures on 2-step nilpotent Lie groups. The construction presented here can be seen as a generalisation of the above mentioned construction of the 2-step nilpotent Lie groups. Our construction starts with three pieces of data. We take a naturally reductive space M together with a Lie algebra k with an ad(k)-invariant metric on k. The algebra k is a certain subalgebra of derivations of the transvection algebra of M . From this data we can construct a new naturally reductive space which is a homogeneous fiber bundle over M . If the naturally reductive space we start with is the symmetric space R n and k ⊂ so(n) is a subalgebra together with any ad(k)-invariant metric then we obtain exactly the 2-step nilpotent Lie groups with a naturally reductive structure from [5] . However we can start with any base space and a suitable subalgebra k and obtain many new examples of naturally reductive spaces which are not normally homogeneous with their canonical connection.
In Section 2 we briefly discuss infinitesimal models of homogeneous spaces and the Nomizu construction (cf. [11] ).
In Section 3 we define the construction. We do this by defining a new pair of tensors (T, R) form an original infinitesimal model (T 0 , R 0 ) on (m, g 0 ) of a naturally reductive space and a certain Lie subalgebra k of the transvection algebra of the model (T 0 , R 0 ) together with an ad(k)-invariant metric B on k. We prove that the new pair (T, R) defines an infinitesimal model of a naturally reductive space on (k ⊕ m, g = B + g 0 ).
In Section 4 we apply the Nomizu construction to our new infinitesimal models. For this we will not use the transvection algebra of the new model, but a Lie algebra which is known as the double extension, see [9] , of the transvection algebra of the base space by the Lie algebra k. A condition is given when the new infinitesimal models (T, R) are regular. For every constructed space an explicit transitive group of isometries is given and the naturally reductive structure, i.e. the left invariant objects (g, T, R) are described on the Lie algebra of this explicit group of isometries. We will illustrate some of the new types of naturally reductive spaces with explicit examples.
Acknowledgement
This paper is part of my PhD thesis supervised by Professor Ilka Agricola. I would like to thank her for introducing me to the subject of naturally reductive spaces and for her ongoing support. Also I would like to thank Yurii Nikonorov for reading a preliminary version and for interesting comments on it.
Preliminaries
Let (M = G/H, g) be a Riemannian homogeneous manifold. Let g and h be the Lie algebras of G and H, respectively. Let g = h ⊕ m be some reductive decomposition. The reductive decomposition induces a left invariant connection on the principle H-bundle G → G/H called the canonical connection of the complement m. Its horizontal distribution is defined by
where L g : G → G is the left multiplication by g ∈ G. The tangent bundle of M is the associated bundle T M ∼ = G × Ad(H) m. For X ∈ g let X denote the corresponding fundamental vector field:
We will denote the chosen origin of our homogeneous space by o. Remember that m is canonically identified with the tangent space at the origin by
The associated covariant derivative on T M , denoted ∇, of the canonical connection has parallel torsion and curvature: ∇T = ∇R = 0. Having a connection with parallel torsion and curvature characterizes locally homogeneous spaces:
. A Riemannian manifold is locally homogeneous if and only if there exists a metric connection ∇ with torsion T and curvature R such that
A metric connection satisfying (2.2) is called an Ambrose-Singer connection. If M is in addition to the above theorem complete, then its universal cover is globally homogeneous. The torsion T and curvature R of an Ambrose-Singer connection are completely determined by their values at T o M ∼ = m. The pair of tensors (T, R):
where S X,Y,Z denotes the cyclic sum over X, Y and Z and · denotes the natural action of so(m) on tensors. The first equation encodes that T and R are parallel objects for ∇ and under this condition the first and second Bianchi identity become equations (B.1) and (B.2), respectively. A pair of tensors (T, R) as in (2.3) on a vector space m with a metric g satisfying (2.4), (B.1) and (B.2) is called an infinitesimal model on (m, g). From the infinitesimal model (T, R) of a homogeneous space one can construct a homogeneous space with infinitesimal model (T, R). This construction is known as the Nomizu construction which is discussed briefly below.
The Nomizu construction associates to every infinitesimal model a Lie algebra
by defining the following Lie bracket:
This bracket satisfies the Jabobi identity if and only if R and T satisfy the equations (2.4), (B.1) and (B.2). Now we take the simply connected Lie group G with Lie algebra g and let H be the connected subgroup with Lie algebra h. The infinitesimal model is called regular if H is a closed subgroup of G. If this is the case then clearly the canonical connection on G/H has the infinitesimal model (T, R) we started with. In [11, Thm. 5.2] it is proved that every infinitesimal model coming from a globally homogeneous Riemannian manifold is regular.
Remark 2. Let (T, R) be an infinitesimal model on (m, g) with Lie algebra g = h ⊕ m as in (2.5) . Note that equation (2.4) implies that im(R) ⊂ h. Let p ⊂ h be any subalgebra with im(R) ⊂ p. Then g ′ := p ⊕ m ⊂ g is also a subalgebra. Let G ′ be a Lie group with Lie algebra g ′ and let P ⊂ G ′ be the connected subgroup with Lie subalgebra p ⊂ g ′ . If P ⊂ G ′ is closed then the canonical connection on G ′ /P from the decomposition g ′ := p⊕m has the infinitesimal model (T, R). Hence by [11, Thm. 5 .2] the model (T, R) is regular.
Conversely if (T, R) is regular then H ⊂ G is closed, where G is the simply connected Lie group with Lie algebra g and H is the connected subgroup with Lie subalgebra h. Let G ′ ⊂ G be a connected subgroup with Lie subalgebra g ′ . Then G ′ acts transitively on G/H. Hence the isotropy group P is closed. Note that P is a subgroup of G ′ with Lie subalgebra p ⊂ g ′ .
We will call a Riemannian manifold (M, g) naturally reductive if there exists a transitive group G of isometries with isotropy group H and a reductive decomposition g = h ⊕ m such that the canonical connection has totally skew symmetric torsion. Since the torsion of the canonical connection is given by
the naturally reductive condition on the Lie algebra g is explicitly given by:
where the metric on m, which we also denote by g, comes from the linear isomorphism (2.1). From now on every homogeneous space will be naturally reductive. We use the metric to make the identification Λ 2 m ∼ = so(m). For naturally reductive spaces the curvature tensor R : Λ 2 m → Λ 2 m is a symmetric map with respect to the Killing form of so(m) and equation (B.2) holds automatically, see [1] . Throughout this paper we will identify m with its dual m * using the metric g. In this way we see T as an element in Λ 3 m and R as an element in Λ 2 m ⊙ Λ 2 m, where ⊙ denotes the symmetric tensor product.
Remark 3. The first Bianchi identity is equivalent to (cf. [1] )
where R Λ 4 denotes the 4-form component of the curvature tensor R. In other words R Λ 4 = b(R), where b is the Bianchi map:
The construction
In this section we let (M = G/H, g 0 ) be a naturally reductive manifold with respect to the canonical connection, ∇, of a reductive decomposition g = h ⊕ m. Note that this implies that im(R 0 ) ⊂ ad(h), where R 0 is the curvature tensor of ∇. Let T 0 ∈ Λ 3 m be the torsion of ∇. We define the following Lie algebra
We will usually simply write s instead of s(g).
Remark 4. Let g = h ⊕ m be as in equation (2.5) for an infinitesimal model of a naturally reductive space. Let
is largest when p = im(R). Note that im(R) is a subalgebra of h by equation (2.4) . For this reason we will often pick the reductive decomposition p ⊕ m with p = im(R).
Let k ⊂ s be a subalgebra and let ϕ : k → so(m) the natural faithful Lie algebra representation. Because of this faithful representation we know that k is a compact Lie algebra and thus k admits positive definite ad(k)-invariant metrics. Let B be some ad(k)-invariant metric on k. Later on we will have two copies of the Lie algebra k. To keep notation consistent with the sequel we let n = k be the other copy, even though at this moment this notation has no use.
Definition 5. Let g = B + g 0 be a metric on n ⊕ m with B any ad(k)-invariant metric on n. Let k 1 , . . . , k l be an orthonormal basis of k and denote by n 1 , . . . , n l the corresponding basis of n. We define a pair of tensors (T, R), T ∈ Λ 3 (n ⊕ m) and R :
where
and [−, −] is the Lie bracket of n = k, and ϕ(k i ) ∈ so(m) ∼ = Λ 2 m is identified with a 2-form on m. For the following Lie algebra representation we use the notation:
where ad : k → so(k) = so(n) is just the adjoint representation. The curvature tensor R is defined as
We call the pair (T, R) the (k, B)-extension of (T 0 , R 0 ).
We will prove that (T, R) defines an infinitesimal model of a naturally reductive space on (n ⊕ m, g). For this we have to show that T and R are invariant under im(R) and that the first Bianchi identity is satisfied. To prove this we first have a little algebraic lemma.
Definition 6. Let (V, g) be a finite dimensional vector space with a positive definite metric g. Let α ∈ Λ p V and β ∈ Λ q V then we define a (p + q − 2)-form by
where e 1 , . . . , e n is an orthonormal basis of V .
Note that the operation α ⊼ β is independent of the basis. One easily checks that: 
For every k ∈ k and X, Y, Z ∈ m we have
Hence we get that ψ(k) stabilizes T 0 . The invariants of T n under ψ(k) is just the Jacobi identity of n = k. To see that the second term in (3.2) is invariant under k we do a little computation. Let k ∈ k
For the second term we have
Plugging these results back into the first line we see that
This shows that T is invariant under ψ(k). We have im(R 0 ) ⊂ so(m) ⊂ so(n ⊕ m), so im(R 0 ) acts trivially on n. This immediately tells us that im(R 0 ) leaves T n invariant. The definition of s gives us that for every k ∈ k ⊂ s, h ∈ h and m ∈ m we have
This implies that ϕ(k) commutes with every element of ad(h). By Lemma 7 we immediately see that im(R 0 ) also leaves the second summand of (3.2) invariant. This concludes that T 0 and T are invariant under im(R). The tensor R 0 is invariant under ψ(k), since ψ(k) commutes with im(R 0 ). The same argument also tells us that
. Lastly, by a similar computation as (3.4) one can see that the tensor
We conclude that R 0 and R are im(R)-invariant.
Proposition 9. The pair of tensors (T, R) from Definition 5 satisfies the first Bianchi identity.
Proof. Let e 1 , . . . , e n be an orthonormal basis of m. We will compute σ T using the following definition
Now we sum these three summands over p. The first summand this gives
For the second we obtain
where we used Lemma 7 and the last equality follows from the fact that ϕ(k i ) stabilizes T 0 . For the third summand we again use Lemma 7 and obtain:
where ad(k i ) ∈ so(k) ∼ = Λ 2 n and the last equality follows from:
The last term to compute for σ T is
here we used the Jacobi identity for n in the form σ Tn = 0:
Summing all the terms we obtain that
Computing R Λ 4 is a bit easier. We have
Here we used that
Hence we see that this torsion and curvature satisfy the Bianchi identity.
We obtain one of our main results directly from Proposition 8 and 9:
Theorem 10. Let (T 0 , R 0 ) be an infinitesimal model of a naturally reductive space on (m, g 0 ). Any (k, B)-extension (T, R) defines an infinitesimal model of a naturally reductive space on (n ⊕ m, g = B + g 0 ).
Note that there can be a multitude of different Lie algebras k ⊂ s for a given infinitesimal model (T 0 , R 0 ), e.g. Example 22. Also any ad(k)-invariant metric B on k gives us a (k, B)-extension. This means that the newly constructed infinitesimal models always come with a parameter family of naturally reductive structures.
The next thing we will do is apply the Nomizu construction to the new infinitesimal models we just constructed.
Definition 11. Let (T 0 , R 0 ) be an infinitesimal model of a naturally reductive space on (m, g 0 ). Let h := im(R 0 ) and let (T, R) be a (k, B)-extension of (T 0 , R 0 ). We define the following vector space g(k) := h ⊕ k ⊕ n ⊕ m together with g := B + g 0 as metric on n ⊕ m. In the proof of Proposition 8 we proved that
We can define a Lie bracket by (2.6) for the pair (T, R). This vector space g(k) is a subalgebra of (2.5) for the pair (T, R) by Remark 2. We will call h ⊕ k the isotropy subalgebra of g(k).
Remark 12. The constructed Lie algebra g(k) is known as the double extension of g by k. This construction is used in [9] to describe the set of all Lie algebras which possess an invariant non-degenerate bilinear form.
Whenever we will construct a reductive decomposition g(k) = h⊕k⊕n⊕m from g = h⊕m then we will call g = h ⊕ m the base space and g(k) = h ⊕ k ⊕ n ⊕ m the total space. In the next section we briefly discuss that if both the base space and the total space are regular then the total space is a homogeneous fiber bundles over the base space and the fiber directions are n. We would like to point out that it is also possible to start from a locally homogeneous space (T 0 , R 0 ) which is not globally homogeneous and still obtain a globally homogeneous space with infinitesimal model (T, R).
Further investigation of the spaces g(k)
In this section we will investigate when the newly constructed infinitesimal models (T, R) are regular. For particular base spaces we will explicitly give a transitive group of isometries for the infinitesimal models (T, R) and describe the naturally reductive structure on its Lie algebra. From now on G(k) will denote the simply connected Lie group with Lie algebra g(k) and H(k) will be the connected subgroup with subalgebra h(k). By Remark 2 we have that H(k) is closed is G(k) if and only if the infinitesimal model (T, R) is regular.
The first thing we want to point out is that the diagonal
is a non-trivial Abelian ideal of g(k). In particular g(k) is never semisimple. We will denote ∆k ⊂ k ⊕ n by a.
Lemma 13. Let g(k) be the Lie algebra from Definition 11, then the following hold:
Proof. i) Let k + n ∈ a and m ∈ m then
We used that R(n, m) = 0 for n ∈ n and m ∈ m. This follows directly from the symmetries of R and the (h ⊕ k)-invariance of the direct sum n ⊕ m. Let h ∈ h then we already saw in Proposition 8 that h commutes with k and that it acts trivially on n. In particular h will commutes with a.
ii) Let n + k ∈ a and n ′ + k ′ ∈ a. We have that
where [−, −] n denotes the Lie bracket in n. Furthermore we have
iv) It only remains to note that k is a subalgebra of
Remark 14. It was pointed out to us by Y. Nikonorov that the vectors in a constitute Killing vectors of constant length on G(k)/H(k) as is proven in [10] . Note that the Lie algebra g(k) we consider doesn't have to be the full Lie algebra of Killing fields as is the case in [10] . However one easily checks that the proves remain valid.
For now we assume that the newly constructed infinitesimal model (T, R) from an infinitesimal model (T 0 , R 0 ) is regular. As mentioned before this is equivalent to the subgroup H(k) ⊂ G(k) being closed. Furthermore we assume that the base space G/H is also regular and simply connected. We show that G(k)/H(k) is a homogeneous fiber bundle over G/H and that the bundle map G(k)/H(k) → G/H is a Riemannian submersion. From Lemma 13 we know that r := h⊕k⊕a = h⊕k⊕n is a subalgebra of g(k) and that r⊕m is a reductive decomposition. Now we have that ad : r → so(m) maps into {h ∈ so(m) : h·T 0 = 0, h·R 0 = 0} by Proposition 8. Let q denote the kernel of this map. Then we have that q ⊂ r ⊕ m is an ideal and that (r ⊕ m)/q is naturally identified with a subalgebra of the isometry algebra isom(G/H) of G/H. Note that a ⊂ q. This quotient map from g(k) = r ⊕ m into to isom(G/H) lifts to G(k), because G(k) is simply connected. Hence the group G(k) acts on G/H by isometries. The stabilizer group of the origin of G/H is a closed subgroup R of G(k). We readily see that Lie(R) = r. This means that we have a homogeneous fiber bundle which is a Riemannian submersion
The fibers R/H(k) are connected by the long homotopy exact sequence and are described by the reductive decomposition
with h⊕k the isotropy algebra. The canonical connection of this reductive decomposition is clearly a naturally reductive connection. Let A be the connected subgroup of G(k) with Lie algebra a. Note that A ⊂ R acts already transitively and by isometries on the fibers. Since A is an Abelian Lie group this means that the universal cover of R/H(k) is isomorphic to the symmetric space R l . The torsion T f and curvature R f of the naturally reductive connection on the fiber R l are given by
where T n is as in Definition 5. Now we will investigate for certain types of base spaces what kind of naturally reductive spaces our construction gives. For every constructed space we will give an explicit transitive group of isometries and we will describe the naturally reductive structure, i.e. the left invariant objects (g, T, R) on the Lie algebra of this explicit group of isometries.
Base space with g semisimple
In this section we will assume that g is a semisimple Lie algebra. Let (M, g 0 ) = (G/H, g 0 ) be a naturally reductive space with respect to the canonical connection of a reductive decomposition g = h ⊕ m with infinitesimal model (T 0 , R 0 ). Furthermore we assume that G and G/H are simply connected. By Remark 4 we can without loss of generality assume that im(R 0 ) = ad(h) ⊂ so(m).
Note that this means that for the reductive decomposition g = h ⊕ m we have that g = [m, m] + m and then a result by Kostant ([6] , see also [3] ) tells us that there exists a unique ad(g)-invariant metric on g whose restriction to m is the naturally reductive metric g 0 and its restriction to h is non-degenerate. Moreover for this metric h and m are orthogonal to one another. We will denote the ad(g)-invariant metric on g by g. Note that the metric g can have signature.
Remark 15. We would like to point out that there are many naturally reductive spaces which satisfy the above requirements. We can take any compact simple Lie group G with any closed subgroup H and then g = h ⊕ h ⊥ = h ⊕ m is a reductive decomposition, where the orthogonal complement is taken with respect to a multiple of the Killing form. In particular these spaces are normal homogeneous. The canonical connection is naturally reductive with respect to the Killing form on g restricted to m, moreover im(R 0 ) = ad(h). Also for G compact and semisimple there are many examples. The difference is that im(R 0 ) = ad(h) doesn't hold automatically for every subgroup H. Also for G non-compact and semisimple it is not hard to construct examples.
Since g is semisimple all derivations of g are inner derivations. We see that the Lie algebra s is given by
where z is the center of h and p are all vectors on which h acts as zero:
Let k ⊂ s be a subalgebra with an ad(k)-invariant metric B. We will denote the corresponding subalgebra of k in g by b. Let b p := b ∩ p and b z := b ⊥ p , where the orthogonal complement is taken in b with respect to B. Note that b = b z ⊕ b p and that both b z and b p are ideals in b. We denote the corresponding decompositions of n, k and a by n = n z ⊕ n p , k = k z ⊕ k p and a = a z ⊕ a p , respectively. Let b 1 , . . . , b l be an orthonormal basis of b with respect to B. Denote the corresponding basis of n by n 1 , . . . , n l and that of k by k 1 , . . . , k l . Define the following linear map
With the help of the following lemma we will see that g is a subalgebra of g(k). It will always be clear from the context whether an element x ∈ m or x ∈ h belongs to g or g(k).
Lemma 16. The linear map f : g → g(k) defined by
is an injective Lie algebra homomorphism.
Proof. In the following we will denote the Lie bracket on g(k) by [−, −] and the Lie bracket on g by [−, −] g . Let h ∈ h ⊂ g and x ∈ g. Using that a(x) ∈ a for all x ∈ g we get by Lemma 13 that 
Note that the ideal l = h ⊕ a ⊕ n from Lemma 13 iv) is equal to the direct sum of Lie algebras l := f (g) ⊕ a. Also the projection of
along h ⊕ k onto n ⊕ m is surjective. We have an injective Lie algebra homomorphism
where i : a p → g(k) is the inclusion. Let Φ : G × R lp → G(k) be the induced Lie group homomorphism on the simply connected Lie group G × R lp , where l p = dim(a p ). Suppose that H(k) ⊂ G(k) is closed, i.e. (T, R) is regular. Then G × R lp acts transitively on G(k)/H(k) through the map Φ.
Let h 0 := ker(a| h ). This is an ideal in h, because for h 0 ∈ h 0 and h ∈ h Let h 1 , . . . , h lz be elements of h 1 such that g(h i , b z j ) = δ ij , these exist because g h×h is non-degenerate. The isotropy algebra for the action of G × R lp is given by
Hence if the infinitesimal model (T, R) is regular then H 0 , the connected subgroup of G with Lie algebra h 0 , has to be a closed subgroup. Conversely if H 0 is closed then the infinitesimal model (T, R) is regular by [11] . The homogeneous space G(k)/H(k) is isomorphic to
We will now describe the naturally reductive structure directly on the reductive decomposition associated to (4.1):
h 0 ⊕ h 1 ⊕ m ⊕ a p and h 0 is the isotropy algebra.
We have an orthonormal basis n 
where o is the chosen origin. Remember that G × R lp acts on G(k)/H(k) through the map Φ. Such a basis will give an orthonormal basis of the tangent space at the origin and thus describe the left invariant metric. Also in this basis the formula for the torsion and curvature of the naturally reductive connection are as in Definition 5.
where a(m i ) ∈ a p . This basis satisfies Equation (4.2). To illustrate this we consider f
Note that the two factors of G/H 0 × R lp are in general not orthogonal with respect to the naturally reductive metric. We will now give an example.
Example 17. In this example we will construct a 1-parameter family of naturally reductive structures on SU (2) × SU (2) × R 3 . Let x 1 , x 2 , x 3 be a basis of su (2) with
Let g su(2) be a multiple of the killing form of su (2) which is positive definite and such that x 1 , x 2 , x 3 is an orthonormal basis with respect to g su (2) . As base space consider the product naturally reductive space SU (2) × SU (2) with a flat naturally reductive structure. The reductive decomposition is: (2), with a metric g 0 = (g su(2) ⊕αg su(2) ) for some α > 0. The Lie algebra s is in this case given by all derivations of g, so s = g. As subalgebra k ∼ = b ⊂ s we take b := {(m, m) : m ∈ su(2)}. We pick the following orthonormal basis with respect to g 0 :
The curvature is zero and the torsion is given by 
The Lie algebra g(k) = k⊕n⊕m is by Lemma 13 isomorphic to g(k) ∼ = k⋉(m⊕a). Lemma 16 gives a Lie algebra homomorphism f : g → m ⊕ a. This gives us that
The discussion above tells us that (T, R) is always regular and that the connected Lie subgroup of f (g) ⊕ a acts transitively on our space. Hence the naturally reductive space G(k)/H(k) is isomorphic to the Lie group SU (2) × SU (2) × R 3 , where the Lie algebra of R 3 is given by
We have
for i = 1, 2, 3. Let e i := m i + λf i , e i+3 := m i+3 , for i = 1, 2, 3. Then e 1 , . . . , e 6 , f 1 , f 2 , f 3 spans su(2) ⊕ su(2) ⊕ a and is an orthonormal basis for the naturally reductive metric. The torsion is given by It is important to note that even though the homogeneous space is a product the constructed naturally reductive structures can not be written as products.
Base space R n
As base space we take the symmetric Euclidean space R n . The spaces we obtain from our construction are the 2-step nilpotent naturally reductive spaces. These were first described in [5] . As naturally reductive decomposition of the base space we have
where h = {0} and g = m = R n is an Abelian Lie algebra, thus (T 0 , R 0 ) = (0, 0). The algebra s is given by s = so(n). Let k ⊂ s be a subalgebra. The torsion and curvature are given by
The Lie algebra
has by Lemma 13 the following ideal
Since T 0 = 0 we have for m 1 , m 2 ∈ R n that [m 1 , m 2 ] ∈ a and by Lemma 13 a commutes with R n . Hence l is a 2-step nilpotent Lie algebra. This gives us a naturally reductive structure on the 2-step nilpotent Lie group L, where L is the simply connected Lie group of l. In particular the infinitesimal model (T, R) is always regular in this case. In this case it is much easier to describe an orthonormal basis of the tangent space at the origin. Let n 1 , . . . , n l be an orthonormal basis of n and m 1 , . . . , m n is an orthonormal basis of R n . We have that f i = n i + k i ∈ a for i = 1, . . . , l and m 1 , . . . , m n ∈ R n form basis of l such that the corresponding fundamental vector fields span an orthonormal basis of the tangent space of the origin. In this basis the formula for the torsion and curvature are just given by the formulas above. To illustrate how this works we give a concrete example.
Example 18. As base space start with R 4 and let k = su(2) ⊂ so(4) be the subalgebra corresponding to the standard representation of su(2) on C 2 ∼ = R 4 . The ad(k)-invariant metric B on k has to be a negative multiple of the Killing form. In a natural basis we get ϕ(k 1 ) = λ(e 13 + e 24 ), ϕ(k 2 ) = λ(−e 12 + e 34 ),
where k 1 , k 2 , k 3 is an orthonormal basis with with respect to B. The formula for the torsion is T = λ(e 13 + e 24 ) ∧ f 1 + λ(−e 12 + e 34 ) ∧ f 2 + λ(−e 14 + e 23 ) ∧ f 3 + 4λf 123 .
and the curvature is R = (2λf 23 + λ(e 13 + e 24 )) ⊙2 + (2λf 31 + λ(−e 12 + e 34 )) ⊙2 + (2λf 12 + λ(−e 14 + e 23 )) ⊙2 ,
The underlying homogeneous space is the 2-step Nilpotent Lie group known as the 7-dimensional quaternionic Heisenberg group. We will denote it by QH 7 .
For a Lie subalgebra k ⊂ so(n) we will denote the 2-step nilpotent Lie algebra l obtained above by nil(k) and the corresponding simply connected Lie group by N il(k).
Base space of mixed type
In this subsection the base space is a product of the base spaces considered in the last two subsections:
Just as before we suppose that g is semisimple and that G/H is naturally reductive with respect to the canonical connection of the reductive decomposition g = h ⊕ m and that im(R) = ad(h). Let g be the ad(g)-invariant metric on g from Subsection 4.1. We want to describe the naturally reductive spaces which are constructed from derivations of
denotes a direct sum of Lie algebras. Any such derivation preserves the direct sum. We have that
Let k ⊂ s(g ′ ) be a subalgebra with an ad(k)-invariant metric B. Let ϕ 1 : k → so(m) and ϕ 2 : k → so(R k ) be the Lie algebra representations defining k. Let k 1 := ker(ϕ 2 ), k 3 := ker(ϕ 1 ) and let k 2 be the orthogonal complement of k 1 ⊕ k 3 in k with respect to B.
The projection π : 
with k 1 = k 1,z ⊕ k 1,p . We let the following be orthonormal bases with respect to B:
As before let
is an orthonormal basis of b j with respect to B and n j i , k j i , are the corresponding bases of n j and k j , respectively. Lastly define
We get analogous to Lemma 16 that
Lemma 20. The algebras nil(k 2 ⊕ k 3 ) = a 2 ⊕ a 3 ⊕ R k and a 1,p are subalgebras of g ′ (k), they commute with each other and with f (g). Furthermore they both have zero intersection with f (g), i.e.:
Moreover the projection of
Proof. Straight forward check.
If
a. a 1,p acts transitively on the homogeneous space G ′ (k)/H ′ (k) by the above lemma. As before let
be the Lie group homomorphism with its derivative at the origin given by φ. The isotropy algebra of G × N il(k 2 ⊕ k 3 ) × A 1,p is given by
Let h 0 := ker(a| h ) ⊂ h ′ . Note that h 0 is an ideal in h just as in the previous subsection. Hence h 0 is also an ideal in h ′ . Let h 2 be a complementary ideal of h 0 in h ′ . Lastly let h 1 be a complementary ideal of ker(a 1 | h ) in h, this exists because h is compact and ker(a 1 | h ) is an ideal in h by the same argument as for h 0 . Then a 1 | h 1 : h 1 → a 1,z is a bijection. As before let {h 1 , . . . , h l 1,z } be a basis of h 1 such that g(h i , b
1,z j ) = δ ij . Let H 0 be the connected subgroup of G with Lie subalgebra h 0 and let H 2 be the connected subgroup of G × N il(k 2 ⊕ k 3 ) with Lie subalgebra h 2 . Since the projection of h 2 to a 2 is injective and N il(k 2 ⊕ k 3 ) is simply connected the subgroup
is always a closed subgroup and is isomorphic to R q , with q = dim(h 2 ).
We get that
The new infinitesimal model is regular precisely when H 0 is closed in G. Now we describe the naturally reductive structure on the following reductive decomposition associated to (4.3):
where h 0 ⊕ h 2 is the isotropy algebra. We have an orthonormal basis n 
such that for the fundamental vector fields the following holds:
where o is the chosen origin. Such a basis will give an orthonormal basis of the tangent space at the origin and thus describe the left invariant metric. Also in this basis the formula for the torsion and curvature of the naturally reductive connection are just (3.2) and (3.3), respectively. For i = 1, . . . , l 1,z we set
. . , n we set e i := m i + a(m i ). For i = n + 1, . . . , n + k we set
Just as in the case in Subsection 4.1 this basis satisfies (4.4). Again as illustration let us consider the f
. A simple example of one of these spaces appears in [8] . Here they describe the spaces (SU (2) × H 3 )/R, where H 3 is a simply connected 3-dimensional Heisenberg group. In the following example we show how we can obtain these spaces from our construction.
Example 21. As base space we take SU (2)/SO(2) × R 2 . The first factor is the symmetric space S 2 . The infinitesimal model is up to a rescaling given by (0, R = −e 12 ⊙ e 12 ). This gives a reductive decomposition of su(2) = h ⊕ m, with h = span{h = e 12 } and m = span{e 1 , e 2 }. The Lie algebra s is given by s = span{h} ⊕ so(2) ∼ = so(2) ⊕ so(2). We pick an element k = (λh, µh) ∈ s, with λ = 0, µ = 0. Let k be the 1-dimensional Lie algebra spanned by k and with a metric such that k has norm 1. We have that ϕ(k) = λe 12 + µe 34 .
In this case k = k 2 . By Lemma 20 the Lie subgroup SU (2) × H 3 of G ′ (k) acts transitively by isometries, where H 3 is the simply connected 3-dimensional Heisenberg group. Let h 3 be the Lie algebra of H 3 and let e 3 , e 4 , f 1 be a basis with as only non-vanishing Lie bracket [e 3 , e 4 ] = −µf 1 .
The isotropy algebra is given by
As reductive complement of h 2 in su(2) ⊕ h 3 we have n ⊕ m = span{f 1 , e 1 , e 2 , e 3 , e 4 }. From the description above {f 1 , e 1 , e 2 , e 3 , e 4 } is an orthonormal basis and the torsion and curvature in this basis are given by T = f 1 ∧ (λe 12 + µe 34 ), and R = −e 12 ⊙ e 12 + (λe 12 + µe 34 ) ⊙ (λe 12 + µe 34 ).
The isotropy group is the connected Lie subgroup with Lie subalgebra h 2 . It is isomorphic to R and it is closed for all λ, µ ∈ R. So we have a two-parameter family of naturally reductive structures on (SU (2) × H 3 )/R.
We give an example which is a bit more interesting and illustrates better how the newly constructed spaces can look like. where k 1 , k 2 , k 3 , k 4 is an orthonormal basis of k. We consider the case that µ 2 = 0. Then k 1 = k 1,z = Span{k 4 } and k 2 = Span{k 1 , k 2 , k 3 }. From the discussion above we know that the new infinitesimal model (T, R) constructed from k is always regular. The connected subgroup of G ′ (k) with Lie subalgebra f (g) ⊕ nil(k 2 ) acts transitively on G ′ (k)/H ′ (k) and the isotropy algebra is trivial. The simply connected Lie group with Lie algebra g ⊕ nil(k 2 ) is SU (3) × QH 7 . We describe the naturally reductive structure directly on SU (3) × QH The base space of this example illustrates nicely that there are multiple different choices for the Lie algebra k. We decided for simplicity to pick µ 2 = 0. When µ 2 = 0 we simply obtain a new naturally reductive space. An other option is to pick µ 1 = 0 and µ 2 = µ and then ϕ(k 5 ) = µ(m 8,10 − m 9,11 ) and ϕ(k 6 ) = µ(m 8,11 + m 9,10 ). In this case k = k 2 ⊕ k 3 , with k 2 = Span{k 1 , k 2 , k 3 } ∼ = su(2), k 3 = Span{k 4 , k 5 , k 6 } ∼ = su(2). We readily see from or previous discussion that the space is isomorphic to SU (3)/S 1 × N il(so(4)),
where N il(so (4)) is a 10-dimensional 2-step Nilpotent Lie group described in Subsection 4.2. In all cases the naturally reductive structure is not a product structure.
